
c, 
D 
E = enhancement factor 
En = activation energy 
hL = liquid phase heat transfer coefficient 
K = liquid phase thermal conductivity 
k( T) = first-order rate constant at temperature T 
kL = liquid phase mass transfer coefficient 
M = group d m D / k L 2  
M’ = group d m / k ~ ~  
T o  = interface temperature 
T = temperature 
Tb 
x 
XH 

x~ 

Greek Letters 

a = thermal dsusivity 
 AH^ = heat of solution 
AH, = heat of reaction 
p 
p,  

= specific heat of liquid phase 
= diffusivity of absorbing component 

= bulk liquid phase temperature 
= position within liquid film 
= thickness of mass transfer film 
= thickness of heat transfer film 

= density of liquid phase 
= slope of solubility-temperature relationship 
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Mec ha n ics of Nonisot her ma1 
Polymer Melt Spinning 

ROBERT J. FISHER 
and 

MORTON M. DENN 
Department of Chemical Engineering 

University of Delaware 
Newark, Delaware 1971 1 

Spin line tension, diameter attenuation, and the onset of the draw reso- 
nance instability are determined for a viscoelastic polymer melt, taking 
into account the changes in physical properties resulting from cooling of 
the filament. The theory predicts the experimentally observed stabilization 
of very short and very long filaments. 

SCOPE 

Melt spinning is the process of continuously drawing 
an extruded polymer melt into a fiber. The influence of 
melt viscoelasticity on the mechanics and certain aspects 
of the stability of the process is now reasonably well 
understood for spinning under isothermal conditions, but 
prior analyses of spinning under conditions where heat 
transfer is important have not considered the elasticity 
of the melt. Neglect of elasticity can result in g r o d y  in- 
accurate estimates of spin line tension, diameter attenu- 
ation rate, and stability. 

This paper is an extension of our previous analyses of 
the mechanics and stability of melt spinning (Denn et 
al., 1975; Fisher and Denn, 1976) to include the effect 
of heat transfer between the filament and surroundings 
as well as melt elasticity. The analysis is restricted to a 
Maxwell model of fluid viscoelasticity which has a single 
relaxation time and deformation-rate independent viscosity 
and modulus. In general, only qualitative results can be 
expected, but the model appears to be adequate for some 
polymers, including polyethylene terephthalate of inter- 
mediate intrinsic viscosity. 

CONCLUSIONS AND SIGNIFICANCE 
The effect of cooling is to increase the initial rate of draw resonance, and the interaction of cooling and visco- 

diameter attenuation of a viscoelastic filament. Cooling elasticity results in a stabilization at high Stanton number 
inhibits the onset of a Drocessine: instability known as which cannot exist for an ineIastic liquid. Generally, short n 

spin lines will be stabilized by fluia elasticity and long 
spin lines by cooling. 

Rob-rt J. Fisher is with Slobil Research and Development Corp., 
Paulsboro, New Jersey 08066. 
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There are little reliable nonisothermal spinning data 
with which to compare the theoretical model predictions. 

An indirect comparison with draw resonance data of Ishi- 
hara and Kase (1976) on polyethylene terephthalate shows 
agreement. 

Melt spinning is a process in which a polymer melt fila- 
ment which has been extruded through a spinneret hole is 
continuously drawn into a fiber by winding up downstream 
at a speed which is greater than the extrusion velocity. The 
process is shown schematically in Figure 1. There is a re- 
gion of die swell just beyond the spinneret, where some 
of the elastic stresses generated in the extrusion process 
relax as the axial velocity distribution in the jet becomes 
uniform. This is followed by the melt drawing zone, where 
the diameter attenuates as the velocity increases to the 
take-up speed. Most of the drawing takes place in the 
melt, and we shall presume in all that follows that the 
diameter is constant following solidification. The processes 
of film casting and extrusion coating are nearly identical 
in a mechanical sense to fiber spinning. 

The melt spinning process was first analyzed theoreti- 
cally by Kase and Matsuo (1965) and Matovich and Pear- 
son (1969). These studies do not account for the large 
elastic stresses which can be established in extensional 
flows of high molecular weight liquids, and hence they 
are often not applicable to commercially interesting poly- 
mers. Failure to account for the elastic stresses can result 
in prediction of too small a take-up tension and too slow 
an initial rate of diameter attenuation with distance. 

AMBIENT 
TEMPERATURE =T, 

I 

__ UNIFORM 
T AXIAL 

VELOCITY 

L 

IF v =  D, vo 

Fig. 1. Schematic of melt spinning process. 

We have recently described a simulation of melt spin- 
ning in which fluid elasticity is included by means of a 
single parameter, the shear modulus, which is the ratio 
of the viscosity to the time characteristic of stress relaxa- 
tion (Denn et al., 1975; Fisher and Denn, 1976). This 
work was restricted to isothermal spinning, in which heat 
transfer from the filament to the surroundings is negligible 
prior to the point of solidification. The model shows the 
important characteristics of isothermal spinning experi- 
ments, including the large tension and an approach at high 
stress to a velocity profile which is linear in axial position. 
Quantitative agreement with experiment requires use of a 
modulus which is 40 to 80% of the value measured in 
steady shear experiments, but Denn and Marrucci (1976) 
have recently shown that this discrepancy is a consequence 
of attempting to account for the full spectrum of relaxation 
times in a polymer melt by a single average quantity, and 
the more detailed calculation for a spectrum can be carried 
out. 

We report here on an extension of our previous work 
to nonisothermal melt spinning, for which heat transfer 
from the filament to the surroundings must be explicitly 
taken into account. The effect of heat transfer on the onset 
of a process instability known as draw resonance is par- 
ticularly striking, and we shall emphasize this aspect of 
the study. 

CONSTITUTIVE EQUATION 

Melt spinning is a high Deborah number process, in 
which the residence time and the time characteristic of 
stress relaxation are comparable. The simplest equation 
relating the stress to the deformation state which is valid 
under high Deborah number conditions is the Maxwell 
model. This model assumes that all elastic response can 
be accommodated by a single material parameter, and it 
ignores the fact that most polymer melts must be charac- 
terized by a complete distribution of relaxation times. In 
the form in which we shall use the model, it also assumes 
physical properties which are independent of deformation 
rate. For many polymers these are severe restrictions, and 
we can expect only qualitative results; the assumption of 
dcf ormation-independent physical properties is particularly 
restrictive. Some of the best experiments on melt spinning 
have been done with polyethylene terephthalate (PET) of 
intermediate intrinsic viscosity, however, which is a poly- 
mer for which the Maxwell model appears to be adequate, 
and our comparison with experiment will be with these 
data. 

The form of the Maxwell model which is appropriate for 
nonisothermal conditions has been shown by Marrucci 
(1972) to be 

alnT 
-%--  ~ ( v  * VlnT)] = p. [Vv + ( V v ) + ]  (1)  

Here T is the extra stress, v is the velocity, and T is the 
absolute temperature. p is the viscosity, and G is the shear 
modulus; the ratio p/G has dimensions of time and is 
known as the relaxation time, which is the time charac- 

a t  
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teristic of stress relaxation following a cessation of mo- 
tion. In general, p and G may be functions of tempera- 
ture. G is relatively independent of temperature for some 
polymers, including PET (Gregory, 19i3) ,  and we shall 
treat it as a constant. The viscosity has an Arrhenius form 

For PET of intrinsic viscosity 0.563, which is of experi- 
mental interest subsequently, E / R  = 3 240°K (Gregory, 
1973). To is a reference temperature which is taken in all 
that follows to be the temperature at which the melt is 
extruded. 

SPINNING EQUATIONS 

The development of the spinning equations has been 
described in detail elsewhere (Kase and Matsuo, 1965; 
Matovich and Pearson, 1969; Denn et al., 1975). The di- 
mensionless mass, momentum, and energy balances have 
the form, respectively, 

aa a - + - (au) = 0 a5 a t  
a - [a(7 -a)] = 0 
a t  (4) 

ae ~ 1 / 3  

a 5  a t  0516 
(5) 

ae - + u - + st - (e - eu) = o 

while the stress, Equation ( l ) ,  simplifies to the two- 
component equations 

a7 du An0 
a m  a t  a t  a0 

r + a [  ?+ u - -  27--r-- 

a+ cf [ 2 + u-+a-  -a- -,u--] = 

(6) 
aa au alne dlnB 
a t  a t  am a t  

au 
- c -  (7)  

a t  
Here 5 is the axial position, made dimensionless with re- 
spect to the length of the melt zone L; u is time, made 
dimensionless with respect to L/G,, where u, is the initial 
velocity; u is axial velocity, made dimensionless with re- 
spect to v,; a is filament area, made dimensionless with 
respect to the initial area A,; 0 and 0, are filament and 
ambient temperature, respectively, made dimensionless 
with respect to To; and T and w are the components of 
the stress in the axial and normal directioiis, respectively, 
made dimensionless with respect to F / A ,  where F is the 
force required under steady state conditions to draw the 
filament. 

There are three-dinlensionless groups which govern the 
behavior of the system, defined as follows: 

Po 00 

GL 
a=- 

Po A0 00 
Q=- 

FL (9) 

(Y embodies the viscoelasticity of the material at the spin- 
neret, while St  is a dimensionless heat transfer coefficient. 
The numerical factor in Equation (10) presumes the use 
of c.g.s. units. 

The boundary conditions for these equations are not 
well defined, largely because the region of die swell is 

not understood theoretically. Thus, the origin of the CO- 
ordinate system, t = O, cannot be taken at the spinneret, 
but is taken instead at the point where the axial velocity 
has become independent of radial position. This point, in 
turn, is assumed to be located at the position of maximum 
die swell. The velocity, area, and temperature are assumed 
known here; we have already made use of this fact in the 
nondimensionalization of the variables. Thus, we have 

(1la)  u = u = e = l  at t = O  
We also need a stress initial condition. This condition has 
been discussed by Denn et al. (1975), who show that the 
system response is relatively insensitive to the choice, and 
that a reasonable selection is that corresponding to fully 
developed spinneret %ow, 

7 = 1  at t = O  
Finally, the filament is taken up at a speed which is greater 
by a iactor DR than the initial velocity. DR is known as 
the draw ratio, and under steady operating conditions it 
corresponds to the area reduction ratio. Thus, our final 
condition is 

U = D R  at [ = l  

It should be noted that we have assumed that the length 
L is known and is constant in time. 

f lib) 

(1lc)  

STEADY PROCESSING 

For steady processing, with all time derivatives equal 
to zero, numerical solution of Equations (3)  through (7) 
is straightforward. Solution is iterative, since E and DR 
cannot be specified independently. By choosing DR we 
have chosen the take-up speed; in that case the tension, 
and hence Q, must be calculated as part of the solution. 

This last observation is important in understanding the 
physical behavior, for it means that the solution will de- 
pend on the relaxation time (p/G) but not on the viscos- 
ity. In the limit of small Stanton number, the system will 
approach isothermal behavior with e = 1, but it should 
also approach isothermal behavior in the limit S t  + CO. 

In the latter case, however, the effective temperature is 
ea. The velocity and tension will then correspond to those 
for which a is replaced by (Y exp [ - E ( 1 - l/&) / R T , ] .  
This will result in a more linear profile for a > 0 when 
Ba < 1 (Denn et al., 1975). 

It is worth noting in passing that at steady state the 
energy Equation ( 5 )  is only weakly coupled to the mo- 
mentum and stress equations, and a very good approxima- 
tion to the solution is 

B - & +  ( l - B u ) e x p ( - S t 5 )  

We have not made use of this approximation, but it is 
helpful in locating the position of the point of solidification 
when that point is not imposed by an air or water bath. 

Figure 2 shows a typical set of calculations to illustrate 
the influence of Stanton number on the steady solution. 
The overshoot of the profile at intermediate values of St  
is typical and is more pronounced with some other choices 
of parameters. We are not aware of any reliable published 
steady state spinning data taken under controlled noniso- 
thermal conditions which allow comparison with theory 
Thus, we turn our attention at once to the transient. 

(12) 

DRAW RESONANCE 

Draw resonance is an instability which occurs in spin- 
ning, film casting, and particularly extrusion coating under 
conditions in which L is externally fixed and cannot vary 
even under transient conditions. The instability is charac- 
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Fig. 2. Temperature and velocity profiles; OR = 48, a = 0.008, 

terized by a periodic variation in filament cross section 
despite a constant extrusion rate and a constant take-up 
speed. For a given spinning length, the onset of draw 
resonance occurs when the draw ratio exceeds a critical 
value, though there is a second critical draw ratio at 
which resonance disappears. For a given draw ratio above 
some minimum value, there is a critical length at which 
resonance occurs, and there appears to be a second length 
beyond which it disappears. The experimental and theo- 
retical understanding of the phenomenon has been 
thoroughly reviewed recently (Petrie and Denn, 1976), 
and the results of Fisher and Denn (1976) appear to de- 
scribe the phenomenon quite well under isothermal spin- 
ning conditions. 

Ba = 0.9, E / R T o  = 5.8. 

I 

--a--J 
r , \, 

* I  --- NONLINEAR ISOTHERMAL THEORY 

__ I N E A R  Y~ISOTHERMAL GRDWTH RATE. & 0 5 * 5  

STANTON NUMBER 
Fig. 3. Stability regions; DR = 48, E/RTo  = 5.8. 

Our approach for predicting the onset of draw resonance 
is to use a linear stability analysis. The procedure is quite 
conventional and is discussed in texts such as Denn 
( 1975). The nonlinear partial differential equations are 
linearized about the steady state, and separation-of-vari- 
able solutions are sought. These solutions will consist of 
sums of terms whose time dependence is of the form 
exp (Am) ,  where the complex number X = AR + iA1 is ob- 
tained by solution of an eigenvalue problem. The system 
is stable to infinitesimal disturbances when all eigenvalues 
hR are negative; the system is unstable if any eigenvalue 
hR is positive. The transition occurs at the marginal point 
AR = 0. The linear stability theory approach is restrictive, 
but we have shown previously by means of nonlinear 
theory that the marginal point does correspond to the 
onset of draw resonance for isothermal systems (Fisher 
and Denn, 1975,1976). 

Except for the straightforward introduction of an addi- 
tional equation and some extra terms, the problem is 
identical to that reported in Fisher and Denn (1976), 
and we shall not reproduce the details here. Figure 3, fol- 
lowing Kase (1974), shows typical results for D R  = 48 
in the form of stability contours for various values of the 
viscoelastic parameter CL in a temperature -S t  plane. The 
region below any contour is stable and above unstable. 
The curve for the Newtonian fluid ( a  = 0) is computed 
from a correIation given by Shah and Pearson (1972). 
The well-known stabilizing effect of cooling is clearly 
shown. The destabilizing effect at high Stanton number is 
a consequence of the reverse trend towards isothermal 
conditions. Since the Newtonian h i d  does not have a 
relaxation time, the limits S t  + 0 and S t  -+ co are identi- 
cal. 

The stabilizing effect of elasticity is evident by consid- 
ering behavior at fixed Stanton number. The stability re- 
gion is enlarged with increasing a, and it comprises the 
entire plane for .CY = 0.01. Isothermal spinning is stable 
at DR = 48 for a 1 0.01 (Fisher and Denn, 1976). 

The asymptotic behavior at large Stanton number is of 
considerable interest here. The contours evidently become 
horizontal at some ambient temperature corresponding to 
each particular a. This is because the cooling is sufficient 
to produce a flow which approaches isothermality, but 
with an effective viscoelastic parameter equal to (Y exp [ - 
E ( 1 - l / & )  /RT,].  Since isothermal spinning is stable at 
DR = 48 for (Y = 0.01, the asymptote satisfies the equation 

I I 
I 
I 
I 
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The result for other draw ratios follows readily from Figure 
5 of Fisher and Denn (1976). This asymptotic behavior 
at high Stanton number is qualitatively similar to the 
stabilization noted by Kase (1974) and Pearson et al. 
(1976) resulting from solidification of the filament and 
a consequent possible time dependence of the length of 
the melt zone. Solidification is not included in the present 
analysis, where it is assumed that the length of the melt 
zone is fixed at all times. 

COMPARISON WITH EXPERIMENT 

The only well-defined nonisothermal experiments on 
draw resonance are those of Ishihara and Kase (1976) on 
PET of intrinsic viscosity 0.563. These experiments were 
mostly carried out in the unstable region, with an extru- 
sion temperature of 280” and 285°C and an ambient tem- 
perature which is presumed to be 30°C (&  = 0.545). The 
data are shown in Figure 4 in the form of the intensity of 
the diameter oscillations as a function of the length of the 
melt zone. The dashed line is an approximate solution to 
the nonlinear isothermal equations (Fisher and Denn, 
1976). 

The linear theory cannot give an information about the 

We hypothesize, however, that there will be a correlation 
between the ultimate intensity of the oscillation and the 
initial growth rate of the disturbance. This can be shown 
to be the case for isothermal spinning if the oscillation in- 
tensity is plotted logarithmically and the growth rate 
linearly, 

Figure 4 shows a linear plot of initial growth rate com- 
puted from linear theory vs. length for conditions charac- 
teristic of the experiments of Ishihara and Kase (1976). 
The scale was chosen to make the curve pass through the 
maximum intensity. The only adjustable parameter here 
is p,,/G, which is taken from the data of Gregory (1973) 
to be 10-3 s. It is evident that the general features of the 
data are reproduced, and the system is predicted to stabil- 
ize again at a length of about 40 cm. 

These data and calculations point up the interesting 
interplay between heat transfer and viscoelasticity. All 
other things remaining equal, elasticity will come to domi- 
nate as the melt zone is shortened (increasing CY, decreas- 
ing S t ) ,  while heat transfer will come to dominate as the 
melt zone is lengthened (decreasing a, increasing S t ) .  A 
rough first approximation which follows from our previous 
work (Denn et al., 1975; Fisher and Denn, 1976) and 
which is consistent with these calculations is that elasticity 
can safely be neglected as long as (YDR is less than 0.1 to 
0.2, but it must otherwise be taken explicitly into account. 

It should be noted that this analysis and comparison 
with data applies only to spinning into an ambient environ- 
ment of constant temperature and without crossflow. Data 
on the influence of crossflow air and non-constant environ- 
ment on filament stability do not show a clear trend. These 
data are discussed by Petrie and Denn (1976). 

system response when the instabi r ity is fully developed. 

CONCLUSION 

The effect of cooling of a viscoelastic filament in steady 
spinning is generally to increase the initial rate of diameter 
attenuation, though there will be some Stanton number 
beyond which the rate will start to decrease again. Cooling 
inhibits the onset of the draw resonance spinning instabil- 
ity, and the interaction of cooling and viscoelasticity re- 

sults in a stabilization at high Stanton number which can- 
not occur for an inelastic liquid. Generally, short spin 
lines will be stabilized by fluid elasticity and long spin 
lines by the effect of cooling. 
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NOTATION 

a = dimensionless area 
A, = initial area 
cp = heatcapacity 
D R  = draw ratio 
E = activation energy 
F 
G = shearmodulus 
L 
R = gas constant 
St = Stantonnumber 
t = t i m e  
T ,  T o  = temperature, reference temperature 
u = dimensionless velocity 
v = velocityvector 
oo = initial velocity 

= force for steady spinning 

= length of melt zone 

Greek Letters 

a = -&coelastic parameter 

0, oQ = dimensionless temperature, ambient temperature 
h = eigenvalue 
x R  = growth rate (real part of A) 
p, viscosity, reference viscosity 
6 = dimensionless axial position 
a = dimensionless stress normal to spinning direction ,, = density 

= dimensionless time 
7 =: dimensionless axial stress 
z = extra stress tensor 
t = (superscript) transpose 

= dimensionless reciprocal force 
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Turbulent Mass Transfer Rates to a Wall 
for Large Schmidt Numbers 

New measurements are presented on the influence of Schmidt number 
on the rate of mass transfer between a turbulent fluid and a pipe wall. It 
is found that for large Schmidt numbers the fully developed mass transfer 
coefficient is related to the friction velocity and the Schmidt number by 
the equation 

K ,  = 0.0889 V O  Sc-0.7O4 

The experiments are accurate enough to rule out the or the Sc-314 
relations commonly used, deduced from plausible limiting expressions for 
the eddy diffusivity close to a wall. I t  is argued that these expressions are 
valid only over a vanishingly small portion of the concentration field as 
s c +  00. 

SCOPE 

Mass transfer between a turbulent fluid and a solid 
boundary is usually characterized by a large Schmidt 
number Sc. For this reason, considerable attention has 
been givcn to the definition of the limiting relation for 
the rate of mass transfer as Sc + m. A local mass trans- 
fer coefficient characterizing the mass transfer process 
can be defined as 

(1) 
NO K =  

CB - C W  
In a series of very careful experiments at Sc = 2400, 

Son and Hanratty (1967) established that for flow in a 
pipe, the influence of fluid velocity on the local mass 
transfer coefficient is defined by the equation 

K = IJ* g ( S c , x + )  ( 2 )  
For large enough values of x+, a fully developed condi- 
tion is reached where K is independent of xi. That is 

K ,  = uo f ( S c )  (3) 

f (Sc)  = B SCnL (4) 

The usual procedure is to represent f(Sc) as a power law 

Correspondence concerning this paper should be addressed to Thomas 
J. Hanratty, Department of Chemical Engineering, University of Illinois, 
Urbana, Illinois 61801. 

DUDLEY A. SHAW 

and 
THOMAS J. HANRATTY 

University of  Illinois 
Urbona, Illinois 

There has been a considerable difference in opinion as 
to what is the proper exponent m. The two relations most 
often considered are m = -2/3 and m = -3/4. These 
are usually justified by recognizing that the concentration 
boundary layer is so thin for large Sc that the velocity 
field within 6, can be represented as a Taylor series ex- 
pansion in terms of the dimensionless distance from the 
wall yf. By using an analogy between momentum trans- 
fer and mass transfer, it is argued that the eddy diffusivity 
is given as E / V ’  - y f n ,  where n is an integer greater than 
or equal to 3. (See pages 343-7 of the book by Monin 
and Yaglom, 1965.) 

In order to establish the correct exponent m, it is 
necessary to obtain very precise measurements over a 
wide range of Schmidt numbers, since the difference be- 
tween the Sc-2’8 and the Sc-314 relations is not great. A 
considerable number of experimental studies have been 
directed toward this goal. However, there is enough dis- 
agreement among the results of different investigators 
that the problem has not been conclusively resolved. 

During the course of a study on the influence of 
Schmidt number on the frequency of mass transfer fluc- 
tuations, we obtained the very extensive set of measure- 
ments of f (Sc)  presented here. Because of the care given 
to the execution of these experiments, we feel that a 
greater precision was attained than in previous investi- 
gations. 
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